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Abstract 
In nanosatellite formation mission design, not only the precision of nanosatellite position is important. Orbit selection is 
a necessary factor, which each orbit inclination has been affected by perturbations in the space environment. Meanwhile, the fuel 
consumption is also necessary to maintain the orbit and nanosatellite formation structure which is disturbed by perturbations. 
Therefore, the best orbit should be the one of minimum fuel consumption of nanosatellite formation flying, and the amount of fuel 
expenditure of keeping the formation structure would be estimated theoretically. 
The purpose of this thesis is to provide a technique for estimating velocity requirement which can be used to estimate 
the fuel consumption in nanosatellite formation flying. The nanosatellite formation structure is perturbed by J2 gravitational per-
turbation and other perturbing accelerations such as atmospheric drag. First, the nanosatellites in a formation will be investigated 
the effect of perturbations affecting on nanosatellites. The Gauss’ Vaƌiation Equations (GVE) are used to perform the investigation 
by the absolute motion of nanosatellite under the J2 and atmospheric drag effects. The absolute motion presents the information 
on the influences of perturbations affecting on nanosatellites as well as shows the best orbit inclination of nanosatellite with re-
spect to the minimum fuel consumption. In addition, this GVE is an integration technique of V requirement of two nanosatellites 
in a formation that is represented in RSW frame which will be described in this thesis. The investigation results that the dominant 
of nanosatellites in a formation is J2 gravitational perturbation when altitude is 300km or higher. Then, the linearized differential 
equations of relative dynamics motion capturing only J2 gravitational perturbation are presented in Hill frame and used to estimate 
the impulsive velocity required to maintain the nanosatellite formation flying under J2 effect. In addition, the GVE integration tech-
nique will be compared with the integration technique of linear equations by Schweighart-Sedwick. After that, a technique for 
estimating velocity requirement developed by the linear equations will show the convenient way which is readily used to correct 
the corrective displacement of distributed nanosatellite in a formation flying. 
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a = semi-major axis 
e = eccentricity 
i = inclination 
 = right ascension of ascending node 
 = argument of perigee 
 = true anomaly 
p = semi-latus rectum 
h = angular momentum 
rref = radius of reference nanosatellite 
u = argument of latitude 
n = angular velocity or mean motion 
fR = acceleration force in R direction 
fS = acceleration force in S direction 
fW = acceleration force in W direction   
fx = thrusting force in x direction   
fy = thrusting force in y direction 
fz = thrusting force in z direction 
VOP = out-of-plane velocity 
VIP = in-plane velocity 
a = difference of a at time 
e = difference of e at time 
i = difference of i at time 
 = difference of  at time 
 = difference of  at time 
VR = delta velocity in R direction  
VS = delta velocity in S direction 
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X = formational displacement in Radial direction 
Y = formational displacement in In-track direction 
Z = formational displacement in Cross track direction 
DX = corrective displacement in Radial direction 
DY = corrective displacement in In-track direction 
DZ = corrective displacement in Cross track direction 
VHCW = relative velocity required by linear equations of Hill-Chohessy-Wiltshire 
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Chapter 1 Introduction 
Recently, there is a tendency towards the space industry, space organization and research study in university to replace 
large monolithic satellites with a group of small satellites, microsatellites or nanosatellites to perform certain operations. A satellite 
formation, not called a very precise of satellite positions but called distributed space system or maintenance of a desired relative 
separation, orientation or position between or among satellite, is a collection of small satellites which work together to accomplish 
the objective of a much larger satellite [1]. Satellite formation offers several operational and practical advantages over traditional 
single satellite missions. Moreover, nanosatellites offer fastered to build times and are usually less expensive. Multiple 
nanosatellites allow for greater redundancy and more versatility in missions. Cost and launch constraints limit the size of a single 
spacecraft and thus limit the resolution of onboard antenna arrays and radar dishes. Satellites in a formation can be configured into 
many larger virtual dishes and give rises to unprecedented resolution. Satellite formation can consequently be used as distributed 
sensors, sparse antenna arrays, and variable baseline interferometers [2]. Thus, satellite formation has widespread applications for 
such fields as astronomy, communications, meteorology, and environmental observations [3]. 
Nanosatellite formation flying has the potential to greatly enhance space based on the capabilities of observation, 
monitoring and experimentation. Distributed sensing is a prime example, where a number of satellites flying in formation can cre-
ate larger effective apertures than a single satellite could. Nanosatellite formation flight often entails a passive chief satellite and 
one or more deputies that maintain a predefined relative position with respect to the chief. Specialized hardware for relative state 
estimation and actuation for formation maintenance is required. Moreover, the miniaturization of hardware coupled with special-
ized design philosophy has pushed the technological envelope, redefining what is capable on a nanosatellite platform. The chal-
lenges in developing nanosatellites capable of formation flight are a consequence of the stringent limitations on power, mass and 
volume available, directly impacting the hardware and software required for estimation and actuation [3].  
For example, CanX-4 and CanX-5 nanosatellite mission is a dual-nanosatellite formation flying demonstration mission of 
UTIAS/SFL (University of Toronto, Institute for Aerospace Studies/Space Flight Laboratory), Toronto, Canada. The overall mission 
objective is to prove that the nanosatellite formation flying can be accomplished with sub-meter tracking error accuracy for low ΔV 
requirements. The formation flying maneuvers for this mission require the development of control algorithms for autonomous 
formation maintenance and reconfiguration in the presence of orbital perturbations [4]. While, there seldom are formation flying 
satellites in orbit, some operational missions certainly implement technologies and methods required to maintain satellites in a 
formation. Two such missioŶs aƌe ESA’s CLUSTER ŵissioŶ. The CLUSTER comprises four identical nanosatellites launched into large, 
highly elliptical polar orbits around the Earth, with perigee and apogee altitudes of 19,000 km and 119,000 km, respectively. These 
nanosatellites fly in pre-determined relative orbits designed so as to allow scientists to measure subtle changes in the interaction 
between the Earth and the Sun. The four nanosatellites examine hoǁ paƌtiĐles fƌoŵ the SuŶ iŶteƌaĐt ǁith the Eaƌth’s ŵagŶetiĐ 
field. The CLUSTER observes the magnetic and electrical interactions between the Earth and the Sun by making direct measure-
ments of the three-dimensional fields. The CLUSTER nanosatellites were launched in August 2000 for a nine-year (extended) mis-
sion [5]. 
When these nanosatellites in the formation flying are operated, the nanosatellites must uphold certain formation struc-
ture and relative positions must be maintained if need. These relative positions can drift due to various perturbation forces such as 
the non-perfect spherical of the Earth, solar radiation pressure, atmospheric drag, and third-body problem effects. At low altitudes, 
not only the second geopotential harmonic, J2 but also the atmospheric drag effects can be quite significant for these nanosatellites 
in the formation and can result in large and undesired drift in the relative dynamics motion. In the past, traditional chemical thrust-
ers have been used in orbit station keeping and maneuvering. However, this requires fuel consumption which not only increases 
the cost of the spacecraft but can also limit its life due to fuel constraints. Although these types of perturbation forces are usually 
thought of as being a negative effect, it may be possible to use drag for relative station keeping by active actuation of impulsive 
thrusters. Formation structure maintenance using methods which do not rely on fuel but rather use other means which are natural-
ly available, such as solar radiation pressure and even electromagnetics, are currently under development. In fact, a technology 
demonstration formation flying mission that plans to use differential drag forces as the primary means of control is currently under 
development [3].  
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The goal of this thesis is to examine both the effects of the second geopotential harmonic, J2 and atmospheric drag on 
the formation and to analyze the capability of atmospheric drag due to altitude affecting the nanosatellite formation flying. In 
addition, both effects will be used to analytically consider the best orbital inclination of nanosatellite formation flying. Then, the 
results of the study of perturbations affecting on nanosatellites will show the influences of atmospheric drag and significant effect 
of J2 as well as show the best orbital inclination which minimizes fuel consumption. After that, the linearized differential equations 
capturing only J2 effect will be developed which will allow for a better understanding of these relative dynamics motions and a 
technique for estimating velocity requirement including analytical simulation results. 
1.1 Literature Review 
In this section, a few literature reviews of the dynamics associated with the relative motion of nanosatellites and in a 
field of estimation of fuel consumption will be presented. The focus here will be specifically on relative motion and chronological of 
theoretical formulations of absolute motion on nanosatellite which involves some analysis in using the second geopotential har-
monic, J2 and atmospheric drag as dominant effects of formation flying as well as linearized differential equations of relative mo-
tion which model the effect of drag on formations. Although some articles are not directly related to atmospheric drag, their con-
tribution in this area should be noted since some of the ideas of this thesis are built upon them. These works are presented chrono-
logically starting with the classic equations of motion traditionally used in this field. 
The equations of relative dynamics motion of spacecraft formation flight which have been used extensively in this field 
are well known either as the Clohessy-Wiltshiƌe’s equations [6] or also often as the Hill’s equations [7]. For simplicity, these equa-
tions will be referred to as the Hill-Clohessy-Wiltshire equations as they are commonly referred to in the context of spacecraft 
relative motion. These equations describe relative motion with respect to a given reference orbit expressed in the local vertical 
local horizontal (LVLH) or Hill coordinate frame which will be described in Chapter 2. The Hill’s eƋuatioŶs originally developed these 
relative motion equations in order to study lunar motion. He derived equations governing orbital perturbations with respect to an 
unperturbed reference orbit and obtained an analytical solution to these equations. Clohessy and Wiltshire used similar equations 
to describe the relative motion between spacecraft in the context of spacecraft rendezvous. The Clohessy-Wiltshire’s equations are 
constant coefficient linear ordinary differential equations which describe the motion of a deputy spacecraft with respect to a chief 
spacecraft where the chief spacecraft is assumed to be moving in a circular reference orbit. These equations do not take into ac-
count any perturbation forces and thus errors can grow large over time. In the context of spacecraft rendezvous, these equations 
can be used rather effectively as the time frames under consideration are short and thus errors are small. However, in the context 
of spacecraft formation flying, where the time frames are of the order of weeks and even years, the errors can grow unboundedly 
with time and thus these equations are of limited use for long term study. Following this, the primary goal of astronautical scien-
tists in this field is to develop a set of linearized equations of motion which include the effects due to J2 perturbation and atmos-
pheric drag. A set of linearized differential equations of motion which include the effects of the second geopotential harmonic of 
Earth oblateness, J2 has been previously developed for circular orbits by Schweighart and Sedwick [8]. These relative motion equa-
tions represent a set of constant coefficient linear ordinary differential equations which can be solved analytically. These numerical 
simulation results of the relative motion will be presented separately in Chapter 4. 
1.1.1 Theoretical Equation of Minimal Fuel Consumption 
The first related literature belongs to Nagai and Nakasuka, a team of University of Tokyo, had studied regarding how 
much fuel needed to keep a satellite formation [9]. The work of them was to estimate the minimal fuel consumption of satellite 
formation flying by using the modified GVE. The Gauss’ Variation Equations or GVE (also known as the Gaussian form of Variation of 
Parameters of the orbital elements) were applied and modified to estimate the minimal fuel consumption. These equations allow 
non-conservative perturbation forces such as drag to be taken into account as well as conservative forces such as J2. The generally 
proposed equations represent a set of the first order ODE of six variations and are used to propagate the orbital elements of the 
reference orbit under consideration. Nagai and Nakasuka, they modified three equations of GVE comprising the variation equation 
of inclination, rise ascension of ascending node and argument of perigee to efficiently control the fuel consumption. The work 
focused on only J2 perturbation, which they described that the J2 effect was much larger than other perturbations and discussed 
theoretically the least amount of fuel needed to keep the satellite formation structures. The effect of J2 perturbation on a forma-
tion structure was slightly on the phases of z-motion or Cross track (which will be described in Chapter 4), therefore they had de-
fined a new parameter,  which was an angle around the Earth that indicated the point of perigee for xy-motion, or where z was 
zero for z-motion. The principle of the work was to control the phase changing of xy-motion and z-motion, which was to control the 
 and  of xy-motion and z-motion to the same value.   
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In their paper, they had derived the essential V for i, ,  control of xy-motion and z-motion by using the GVE, then 
put the new parameter of control into the essential V equations. The essential V was the required impulsive velocity of satellite 
manoeuvres due to only J2 effect. The result of them had shown the numerical computation of the essential V comparing with the 
size of formation or formation structure. The characteristics of the essential V were inversely proportional to a7/2 per period 
around the Earth, inversely proportional to a
5
 per unit time and proportional to formation size depending on the inclination of the 
formation.  
Discussion: the work of Nagai and Nakasuka had done on only J2 effect, which is at low altitude inversely proportional 
to atmospheric drag. On the other hand, the conclusion of the essential V they found is uncovered the question of what does 
happen to the satellite formation on the other perturbations such as atmospheric drag. Moreover, the accuracy of the essential V 
that was estimated by using only three equations (i, , ) of GVE can be improved by using more equations (a, e, i, , ) of GVE, 
which will be shown in Chapter 3.        
1.1.2 Optimization of Fuel Consumption with Respect to Orbit Requirements 
The second related literature belongs to D. Matko et al. [10]. The applications of satellite formation flying, several case 
scenarios for high-resolution remote sensing satellite constellations were proposed in their work. For radar, the interferometric 
system a pair of satellites had to be at two different positions that were separated by a distance of several hundred meters during 
measurement sequences. The satellite could be either in the same orbit or in a part of approximately parallel orbits. During imag-
ing, the relative separation of the satellite had to be stable and precisely known. Therefore, they had to analyze the several ma-
noeuvres for satellite constellations by using Hill-Clohessy-Wiltshire or HCW equations solved analytically for the fuel consumption. 
Linear models were optimized serving an approximate solution with respect to optimal fuel consumption respecting constraints 
such as maximal disposable time and instant of required formation structure. 
The solution of the non-homogenous system of Hill-Clohessy-Wiltshire equations oƌ the Hill’s eƋuatioŶs iŶĐludiŶg Đon-
stant thrusting forces had been derived by D. Matko et al. The constant thrusting forces were constant accelerations ax, ay and az as 
iŵpulsiǀe thƌusteƌs. AppliĐatioŶs of the liŶeaƌ ŵodel to diffeƌeŶt ŵaŶœuǀƌes ǁeƌe applied foƌ aŶalyziŶg the ĐoŶstaŶt displaĐement 
in each direction (In-track, Radial, Cross track). In their work, the nonlinear Hill’s eƋuatioŶs ǁeƌe ǀalid foƌ KepleƌiaŶ oƌďits ǁithout 
any perturbation as well known, they had investigated the influence of non-zero eccentricity,  by using the method of small devia-
tions. The numerical results of them had been shown. The conclusion was the influence of the J2 perturbation much smaller than 
the iŶflueŶĐe of eĐĐeŶtƌiĐity, the deƌiǀed liŶeaƌ ŵodels ǁeƌe Ƌuite satisfaĐtoƌy foƌ all ŵaŶœuǀƌes ďut the IŶ-track repositioning of 
the satellite which would be performed and optimized in the next work of them.    
Discussion: the work of D. Matko et al. was not fully concerned with this thesis, but they had aŶalyzed the liŶeaƌ Hill’s 
equations including constant thrusting forces and then investigated the influence of small eccentricity on satellite formation. The 
Hill’s eƋuatioŶs ǁith ĐoŶstaŶt thƌustiŶg foƌĐes ĐaŶ ďe used to ďe the ƌefeƌeŶĐe ĐiƌĐulaƌ oƌďit iŶ Đase of zeƌo thƌusteƌs. IŶ fact, the 
satellite formation flying is disturbed by space environment or perturbations such as the gravity of Earth oblateness or atmospheric 
dƌag, thus the Hill’s eƋuatioŶs they used ǁould ďe ŵodified. IŶ additioŶ, oŶe of the adǀaŶtage is: ǁe haǀe to put the sŵall devia-
tions of J2 perturbation into the linear equations they developed, which is inconvenient. 
1.1.3 High-Fidelity Linearized J2 Model for Satellite Formation Flight  
The last related literature belongs to Schweighart and Sedwick [8]. With the last incomplete research on the relative 
motion of equations of satellite formation flying, a need had become apparent for a set of linearized equations of relative motion 
that was to perform the effect of the J2 perturbation. Typically, the Hill’s liŶeaƌized eƋuatioŶs of ƌelatiǀe motion had been used for 
the previous analysis by [10], but they failed to capture the effect of the J2 perturbation on a satellite formation. In the work of 
Schweighart and Sedwick, a new set of the constant coefficient linearized differential equations of motion was derived. These 
equations were similar in the form of the Hill’s eƋuatioŶs, ďut they Đaptuƌed the effects of the J2 perturbing force. The validity of 
these equations would be verified by comparing the mean variation in the orbital elements to the solutions of these equations. A 
numerical simulator would also be employed to check the fidelity of the equations. It would be shown that with the appropriate 
initial conditions, the new linearized equations of motion had periodic errors on the order of centimeters that did not grow in time. 
The new linearized equations of motion also allowed for insight into the effects of the J2 perturbation on a satellite formation fly-
ing. Their work included tumbling, the period of the relative orbit, and satellite separation due to differential J2 effects. Overall, a 
new high-fidelity set of linearized equations were produced that were well suited to model satellite relative motion in the presence 
of the J2 perturbing force. 
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Discussion: the work of Schweighart and Sedwick is the final answer of relative motion equations of nanosatellite for-
mation flying. The work has analyzed theoretically and considered geometrically the precession of Earth. Due to the initial condi-
tions are very important to understand and numerically simulate, the work of Schweighart and Sedwick does not provide the relati-
ve position and velocity, which the initial conditions were required and necessary to learn for secular term elimination as well as 
the relative position and velocity are convenient for the estimation of fuel consumption.    
1.2 Objectives of Thesis 
As shown by the preceding literature review, extensive work has been done in developing the relative dynamics motion 
of nanosatellite formation flying as well as modeling the various perturbation forces which these types of missions can encounter. 
However, the precision of these models is somewhat limited [3]. In low Earth orbits, both J2 and atmospheric drag perturbations 
are significant and models of small or nanosatellites which encompass either one effect or the other are incomplete for studying or 
planning missions in this altitude range. A simplified linear dynamic model which includes both effects is currently unavailable. 
Whereas, the estimation of fuel consumption could be considered by these linearized dynamics equations, and effect of perturba-
tions affecting on nanosatellites would be studied and analyzed. 
The assumption of a circular reference orbit is also limiting. Although many missions are designed to be nearly circular, 
achieving and maintaining a perfectly circular orbit is very difficult in practice. Therefore, an estimation technique of fuel consump-
tion in a way of estimating velocity requirement in nanosatellite formation flying is needed and the velocity required can be easily 
used to find the fuel consumption in later. In this thesis, the study of perturbations affecting on nanosatellites includes the effects 
of Earth oblateness (J2) and atmospheric drag which will be presented by GVE. This study results in the dominant perturbation of 
nanosatellites in a formation, which is the J2 effect at 300km altitude or higher, which these altitudes escape the influences of 
atmospheric drag. Hence, the linearized differential equations which accounts for Earth oblateness (J2) of Schweighart-Sedwick are 
presented and expanded to estimate the velocity requirement as well as show the comparison of the relative motion under J2 
effect and a reference circular orbit of nanosatellite formation flying, which are the ultimate objectives of this thesis.  
First, Gauss’ Variation Equations (GVE) are used to perform the absolute motion of a nanosatellite due to the J2 pertur-
bation and atmospheric drag. The absolute motion is a technique of estimating V by GVE which informs the effect of perturba-
tions affecting on nanosatellites and shows the best orbital inclination with respect to the minimum fuel consumption. The influ-
ences of atmospheric drag describe the fluctuation of absolute motion of nanosatellites under 300km altitude which should escape 
(based on an assumed nanosatellite which is cross-sectional area 0.25m
2
 and mass 50kg). Then, the linearized differential equations 
capturing only J2 gravitational perturbation are presented and then expanded to estimate the fuel consumption in a way of 
estimating velocity requirement to maintain the nanosatellites in a formation flying. These linear equations also show the V of 
two nanosatellites. Therefore, the two techniques of estimating V by GVE and linear equations will be compared and shown the 
disadvantage of GVE. After that, the linear equations will be used to establish a technique for estimating V requirement in 
nanosatellite formation flying. In addition, the technique for estimating velocity requirement can be used to correct the amplitudes 
of displacement which is disturbed by J2 perturbing force. A more detailed outline of the thesis is given in the next section. 
1.3 Outline of Thesis 
Chapter 2 will begin by introducing the coordinate systems used in analysis of the effect of perturbations affecting on 
nanosatellites by GVE and the relative dynamics motion of nanosatellite formation flying by Schweighart-Sedwick as well as the 
other coordinate frames used in this thesis. Then, Chapter 3 will describe the effect of perturbations affecting on nanosatellites 
presented by GVE. The GVE will be solved to find the in-plane and out-of-plaŶe ŵaŶœuǀƌes iŶ RSW fƌaŵe. Following this, the pri-
mary goal of Chapter 3 is to develop the absolute motion equations by the in-plane and out-of-plane V ŵaŶœuǀƌes ǁhiĐh include 
the perturbing accelerations due to J2 and aerodynamic drag effects, then investigate the results of the absolute motion to the 
influences of both perturbations. These perturbing accelerations (J2 and atmospheric drag forces) present the absolute motion of 
nanosatellites which these formation flying must encounter. Moreover, this study of perturbations by GVE will inform the best orbit 
inclination with respect to the minimum fuel consumption when altitude is higher than 300km, which is to escape the influences of 
atmospheric drag (based on an assumed nanosatellite which is cross-sectional area 0.25m
2
 and mass 50kg). The fluctuation of 
atmospheric drag at low altitude affects the nanosatellites in a formation which need a lot fuel to keep the formation. After that, a 
set of linearized differential equations of relative dynamics motion which includes only the J2 effect by Schweighart-Sedwick [8] will 
be presented and expanded to get all initial conditions in Chapter 4. These expanded relative motion equations represent a set of 
constant coefficient linear ordinary differential equations which can be solved analytically in each direction. Finally, a technique for 
estimating velocity requirement will be described and established as well as shows the comparison of integration technique of 
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differential equations and estimation techniques in Chater 5, then Chapter 6 is to shown the final approach which is to demonstra-
te the estimating V  requirement, and then conclude all researching results in Chapter 7. 
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Chapter 2 Coordinate Systems  
The effect of atmospheric drag on the formation flying of nanosatellites with respect to circular reference orbits will be 
the subject in Chapter 3 and the dominant perturbation of formation flying, J2 effect will be the subject of relative dynamics motion 
in Chapter 4 because the influences of atmospheric drag can be neglected at altitude of 300km or higher which will be described in 
Chapter 3. More precisely, the absolute motion which account for the perturbations due to atmospheric drag and J2 potential ef-
fects will be developed on RSW frame which will be presented in this chapter. The relative dynamics motion of nanosatellite for-
mation flying will be considered on Hill frame. Thus, the coordinate systems of RSW and Hill frames used in the analysis will be 
described in this chapter. 
2.1 Earth-Centered Inertial Frame   
The Earth-Centered Inertial (ECI) frame has its origin at the center of the Earth and the Earth’s equator defines the fun-
damental X-Y plane. The X-axis points in the direction of the vernal equinox, the Z-axis is aligned with the Earth’s rotation vector, 
and the Y-axis completes the right-hand orthogonal coordinate system [11].  
 
Figure 2:1 Earth-Centered Inertial frame 
2.2 Classical Orbital System 
In terms of the classical orbital system, the state can be equivalently described as a, e, i, ,  and  as the symbol of 
classical orbital elements. In the context of closed elliptical orbits, a is the semi-major axis of the elliptical trajectory, e is the eccen-
tricity of the ellipse, i is the inclination of the orbital plane with respect to the equatorial reference plane,  is the right ascension 
of the ascending node which is the angle from vernal equinox to the intersection point of equatorial reference plane and orbital 
plane,  is the argument of perigee which is the angle in orbital plane from  to the closest point to the Earth, and  is the true 
anomaly which is the angle in orbital plane from  to satellite (refer to Figure 2:2). The inclination i and the right ascension of the 
ascending node  are angles that define the orientation of the orbital plane with respect to the ECI coordinate frame [3].   
2.3 Satellite-Based Systems 
Although many satellite-based systems exist, much of the nomenclature is not standard, and many systems are devel-




satellite-based systems are necessary, one is the coordinate system of RSW frame and another is the representative of Hill frame 
[11].  
 
Figure 2:2 Classical Orbital Elements 
2.3.1 Nanosatellite Coordinate System, RSW  
The satellite coordinate system, RSW frame applies to study of orbit selection and this RSW frame is consistent with Hill 
frame. The system moves with nanosatellite and is sometimes called the Gaussian coordinate system. The R-axis always points from 
the Eaƌth’s ĐeŶteƌ aloŶg the ƌadius ǀeĐtoƌ toward the nanosatellite. The S-axis points in the direction of (but not necessarily parallel 
to) the velocity vector and is perpendicular to the radius vector. The W-axis is normal to the orbital plane. RSW frame is illustrated 
by Figure 2:2 [11]. 
 













2.3.2 Hill Coordinate System for Relative Motion 
The coordinate frame which is used in the relative motion analysis is known as the Hill frame and it is designated by the 
xyz-axes in Figure 2:3. In this thesis, the Hill frame is used to describe the motion of a particular nanosatellite known as the Deputy 
called Main Satellite (MS) with respect to a fictitious nanosatellite known as the Chief called Sub-satellite (SS) which travels in a 
defined reference orbit. The origin of the Hill frame lies at the center of mass of this imaginary MS and thus moves with it along the 
pre-defined reference orbit trajectory. As a result, the Hill frame rotates at the same rate as the RSW frame [3].   
 
Figure 2:4 Satellite coordinate system, Hill (xyz) frame 
Relative directions or displacements of nanosatellite orbits use the Hill coordinate system. Radial direction is parallel to 
the position vector (along the x-axis). In along track or In-track direction is normal to the velocity vector (along the y-axis). Cross 
track direction is normal to the plane defined by the current position and velocity vectors (along the z-axis). These orientations 
ŵaiŶly pƌoǀide ƌefeƌeŶĐe poiŶts foƌ desĐƌiďiŶg the ŶaŶosatellite’s ƌelatiǀe positioŶ aŶd velocity, and are often used to describe 
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atmospheric drag affecting on nanosatellites in a formation. The absolute motion is to essentially take the perturbing accelerations 
into accounts of in-plane and out-of-plane manoeuvres developed by using GVE. First, the integration of orbit element variations 
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Equation 3:2 – Estimating V in out-of-plane manoeuvre by GVE 
The integration of perturbing acceleration fW yields the out-of-plane velocity. The variation of argument of perigee in fW 
direction is quite small, can be neglected. Notice that the differences of right ascension of ascending node and orbital inclination 
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 Equation 3:3 – Estimating V in R direction 
The in-plane velocity consists of delta velocity in R and S directions. The Equation 3:3 shows the delta velocity in R direc-
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Figure 3:1 Nodal regression 
The nodal regression is the precession of an orbital plane around the rotation axis of the Earth which affects the right 
asĐeŶsioŶ of asĐeŶdiŶg Ŷode ŵoǀiŶg agaiŶst the diƌeĐtioŶ of the Eaƌth’s ƌotatioŶ. This precession is due to the non-spherical nature 
of the Earth oblateness. The next issue is the apsidal rotation. The apsidal rotation is another one of the precession of the orbit of 
the Earth. More precisely, it is the gradual rotation of the argument of perigee of the orbit, and then the apogee is also moved.  
 
Figure 3:2 Apsidal rotation 
This means that the usual approximation of the gravitational force based on the assumption that the total mass of the 
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 Then, the model involves the gradient of the gravitational potential, U, so the gravitational force becomes: 
f m U   
Equation 3:9 – Gravitational force based on the gradient of the gravitational potential [15] 
Zonal harmonics are defined by zeroth order (m = 0, it is not mass in Equation 3:9) where the dependence of the poten-
tial on longitude vanishes and the field is symmetrical about the polar axis. In the case of Legendre polynomial, J2 is the strongest 
perturbation due to the Earth's shape. Given that the gradient of the potential for a spherical central body which yield the accelera-
tion, the important is to examine how to form a potential function including the perturbing accelerations due to a non-spherical 
central body. In this case, the mathematical technique can directly determine the partial derivatives of the aspherical-potential 
function including the two-body attraction. The differentiation of Legendre functions in spherical coordinates uses r, ,  (which  is 
geocentric latitude and  is longitude from equinox) [11], but find the acceleration in cartesian coordinates, so the chain rule is 
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Equation 3:10 – Perturbing acceleration of J2 effect 
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Equation 3:12 – Derivatives of position vector 
The gravitational coefficient, C2,0 is equal 0.00108263 which this value well known as J2 effects. Take the Equation 3:11 
and 3:12 into the Equation 3:10, then can get the perturbing acceleration of J2 effect in Equation 3:13. After that, the Equation 3:13 
is in the cartesian coordinate system (XYZ) will be converted to satellite-based coordinate system, RSW frame hereafter: 
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Equation 3:13 – Perturbing acceleration of J2 effect in cartesian coordinates 
The perturbing accelerations due to J2 effect in Equation 3:13 can be given in the spherical coordinate system as RSW 
frame hereafter [13]: 
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Equation 3:14 – Perturbing acceleration of J2 effect in RSW frame 
Equation 3:14 will be used into the force terms of Equation 3:7, and then take it into account for in-plane and out-of-
plane manoeuvres. The next interesting perturbing acceleration is the atmospheric drag which will be described in the section. 
3.2.2 Atmospheric Drag 
Atmospheric Drag is a kind of perturbations in space which processes the orbit decay that leads to gradually decrease of 
the distance between two orbiting bodies at their closest approach (the periapsis) over many orbital periods, see figure below [11]: 
 
Figure 3:3 Atmospheric drag effect 
The atmospheric drag caused by the momentum transfer from particles in the atmosphere, onto the satellite. There are 
two different principles for describing this molecular momentum transfer to a physical surface, namely specular reflection and 
diffuse reflection. By specular reflection, the impinging particles have an elastic impact with the surface and bounces off with no 
change in energy and at an angle equal to the angle of incidence. Diffuse reflection, on the other hand, occurs when the atmos-
pheric particles penetrate the satellite surface, interact with the body molecules and are finally re-emitted in a random manner 
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[16]. Both these types of momentum transfer to the surface appear at various degrees. In the following, a mathematical model of 
the atmospheric drag is derived [17], under the assumptions that:  
1. The momentum of molecules arriving at the surface is totally lost to the surface, i.e. diffuse reflection. 
2. The mean thermal motion of the atmosphere is much smaller than the speed of the spacecraft through the atmos-
phere. 
3. Momentum transfer from molecules leaving the surface is negligible. 
4. For spinning vehicles, the relative motion between surface elements is much smaller than the speed of the mass cen-
ter. 
Thus, the aerodynamic disturbances or atmospheric drag are due to the interaction between a planetary atmosphere 
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Equation 3:17 – Satellite velocity in RSW frame 
The coefficient drag, cD is a dimensionless quantity which reflect the satellite's susceptibility to drag forces and is mostly 
approximated 2.2 (using a flat plate model). The gravitational attraction of molecules in the atmosphere mainly determines its 
pressure and density. The development of both the static and time-varying models relies on a few basic hydrostatic principles 
which model atmospheric effects. The ideal gas law relates the absolute pressure, p0, the mean molecular mass of all atmospheric 
constituents, M, the acceleration due to gravity, g0, the universal gas constant, R and the absolute temperature, T (Kelvin). The 






   
Equation 3:18 – Atmospheric density 
p g h    
Equation 3:19 – Delta pressure 
And then, the hydrostatic equation which relates the change in pressure, gravity and change in altitude is given in Equa-
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Table 3:1 Atmospheric density 

































Oscar-1 5 box 0.075 0.0584 4 2 42.8 16.7 Commu 
Vanguard-2 9.39 sphere 0.2 0.2 2 2 23.5 23.5 Scientific 
Explorer-11 37 octagon 0.18 0.07 2.83 2.6 203 72.6 Astronomy 
Escho-1 75.3 sphere 731 731 2 2 0.515 0.515 Commu 
Explorer-17 188.2 sphere 0.621 0.621 2 2 152 152 Scientific 
Viking 277 octagon 2.25 0.833 4 2.6 128 30.8 Scientific 
Table 3:2 Typical ballistic coefficients for Low-Earth Orbit satellites 
Both perturbing accelerations are used into the account for out-of-plane and in-plane manoeuvres. The results of ana-
lytical solution of the absolute motion under J2 gravitational perturbation and atmospheric drag will be shown in the next section. 
Figure 3:4 shows the comparison of atmospheric drag on assumed nanosatellites from 200km to 500km: 
 
Figure 3:4 Atmospheric drag affecting on assumed nanosatellites 
Esti ati g   y  
Estimating (V by GVE 
30 
 
Figure 3:5 Atmospheric drag affecting on example nanosatellites 
In Figure 3:4, the assumed nanosatellites are symmetric box shape, the drag coefficient of 2.0 and circular orbiting on 
the inclination of 35. Figure 3:4 and 3:5 describe the behavior of ballistic coefficients that if BC is small, the drag will be increased, 
so the nanosatellite needs more altitude to escape the drag effect.  
3.3 Analytical Solutions of Absolute Motion 
The GVE is applied for in-plane and out-of-plane manoeuvres, and then the perturbing accelerations are determined. 
This section is to numerically result in the absolute motion of nanosatellites as case by case.   
3.3.1 Absolute Motion of In-plane and Out-of-plane Manoeuvres 
Physical nanosatellite assumption is symmetric box shape, the mass of 50kg, the cross-sectional area of 0.25m
2
 and 2.0 
drag coefficients. In orbit, the eccentricity is 0.001 and  = 0. Note that, the absolute motion starts at the equator and numerically 
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CASE I: at semi-major axis 6478.136km (ALT  100km) 
  
(a) In-plane: compare with phase in orbit 
 
(b) In-plane: compare with inclination 
 
 
(c) In-plane Manoeuvre (d) Out-of-plane Manoeuvre 
Figure 3:6 Absolute motion of case I  
Discuss: Figure 3:6 (a-c) are the absolute motion of nanosatellites by in-plane manoeuvre which is developed in Equa-
tion 3:5 based on J2 and drag effects, and (d) is by out-of-plane manoeuvre which is developed in Equation 3:2 based on J2 and drag 
effects. The absolute motion by in-plane manoeuvre fluctuates with the phase in orbit and the inclination, and cannot find the 
minimum point of fuel consumption as asymmetry, while the absolute motion by the out-of-plane manoeuvre is minimal at phase 
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CASE II: at semi-major axis 6498.136km (ALT  120km) 
  
(a) In-plane: compare with phase in orbit 
 
(b) In-plane: compare with inclination 
  
(c) In-plane Manoeuvre (d) Out-of-plane Manoeuvre 
Figure 3:7 Absolute motion of case II  
Discuss: Figure 3:7 (a-c) are the absolute motion by in-plane manoeuvre, and (d) is by the out-of-plane manoeuvre. The 
absolute motion by in-plane manoeuvre still asymmetrically fluctuates with the phase and inclination but there are many minimum 
points of fuel consumption such as at phase of 90 with inclination of 24 and 156 and phase of 270 with inclination of 45 and 
135. Meanwhile, the absolute motion by out-of-plane manoeuvre is minimal at the phase of 180 with the inclination of 90 as 
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CASE III: at semi-major axis 6528.136km (ALT  150km) 
  
(a) In-plane: compare with phase in orbit 
 
(b) In-plane: compare with inclination 
  
(c) In-plane Manoeuvre (d) Out-of-plane Manoeuvre 
Figure 3:8 Absolute motion of case III  
Discuss: Figure 3:8 (a-c) are the absolute motion by the in-plane manoeuvre, and (d) is by the out-of-plane manoeuvre. 
The absolute motion by the in-plane manoeuvre is almost symmetrically stable with the phase and inclination, there are few mini-
mum points of fuel consumption such as at the phase of 270 with the inclination of 36 and 144. Meanwhile, the absolute motion 
by the out-of-plane manoeuvre is minimal at the phase of 180 with the inclination of 90 as same in Figure 3:6 (d). 
From Case I-III, the absolute motion by in-plane manoeuvre does not fluctuate with phase and inclination when altitude 
higher. Meanwhile, the absolute motion by the out-of-plane is always static. Although the 150km altitude seems almost stable but 
shows small ripple. Above 300km altitude, the absolute motion by in-plane manoeuvre is not affected by atmospheric drag as 
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CASE IV: at semi-major axis 6678.136km (ALT  300km) 
  
(a) In-plane: compare with phase in orbit 
 
(b) In-plane: compare with inclination 
  
(c) In-plane Manoeuvre (d) Out-of-plane Manoeuvre 
Figure 3:9 Absolute motion of case IV  
Discuss: Figure 3:9 (a-c) are the absolute motion by the in-plane manoeuvre, and (d) is by the out-of-plane manoeuvre. 
The absolute motion by the in-plane manoeuvre is symmetrically stable with phase and inclination. There are two points of phase 
which are the minimum fuel consumption that is the phase of 90 with the inclination of 35 and 145, and the phase of 270 with 
the same inclination. Meanwhile, the absolute motion by the out-of-plane manoeuvre is still minimal at the phase of 180 with the 
inclination of 90 as same in Figure 3:6 (d). 
Due to the influences of the conservation force J2 gravitational perturbation are balanced, the absolute motion is then 
the symmetrical pattern. Therefore, the altitude of 300km or higher will be used to simulate the relative motion of nanosatellite 
formation flying due to J2 effect only. On the same hand, the integration of differentiate relative dynamics motion equations can 
focus only J2 effect, and the altitude above 300km is often used to operate the nanosatellite formation flying. As mentioned earlier, 
the absolute motion of nanosatellites happens by variations of orbital elements disturbed by J2 gravitational force and atmospheric 
drag which cannot escape in space environment. The symmetrical motion pattern will be used to consider the formation structure 
of formation flight and orbital inclination with respect to the minimum fuel consumption. Due to the absolute motion is the in-
plane and out-of-plane velocities, therefore these velocities can be used to determine the amount of propellant or fuel consump-
tion in later. Thus, the difference of absolute motion of each nanosatellite is the essential V of nanosatellites in the rotating or 
RSW frame.   
3.4 Essential V 
The essential V of nanosatellites is used to determine the effort of velocity changes of nanosatellites in the formation. 
In the previous section, the information of absolute motion informs the phase in orbit and inclination which will be used for 
nanosatellite formation design. The essential V is the answer of which orbit is the best orbit with respects to the minimum fuel 
consumption. The subtraction of the absolute motions of two satellites is the essential V under J2 gravitational perturbation and 
atmospheric drag effects as follows:  
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SS MS
IP IP IPV V V    
Equation 3:20 – In-plane essential V 
SS MS
OP OP OPV V V    
Equation 3:21 – Out-of-plane essential V 
The next sub-section is to show the information on orbit design with respects to the absolute motion and the essential 
V. As shown in previous, the phase of 90 and 270 with inclination of 35 and 145 are the minimum points of in-plane manoeu-
vre, while the phase of 180 with the inclination of 90 is the minimum point of out-of-plane manoeuvre. Nevertheless, the essen-
tial V will inform the information on which orbit is the best for nanosatellite formation flying with respect to the minimum fuel 
consumption.  
3.4.1 Examples of Orbit Selection with Essential V 
The minimum essential V is solved numerically and used to consider the orbit selection. This sub-section is to show 
various examples of two nanosatellites by main nanosatellite, MS and sub-nanosatellite, SS. Remember that, two nanosatellites in 
the difference of altitude are different in orbital period and speed in each orbit, this is called secular drift which will be described in 
Chapter 4. These numerical simulations are assumed that they have been performed to keep the formation structure already.    
Selected Orbit: Inclination = 15 
Example I: Reference ALT is 100km, SS altitude is as same as MS and far from MS by phase of 10  
  
(a) In-plane V 
 
(b) Out-of-plane V 
  
(c) In-plane essential V  (d) Out-of-plane essential V  
Figure 3:10 Inclination 15: example I  
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Selected Orbit: Inclination = 15 
Example II: Reference ALT is 100km, SS is higher than MS 100m and far from MS by phase of 10  
  
(a) In-plane V 
 
(b) Out-of-plane V 
  
(c) In-plane essential V  (d) Out-of-plane essential V  
Figure 3:11 Inclination 15: example II 
The first practical of orbit selection is at the inclination of 15 with two examples of two nanosatellites in a formation 
flying, MS and SS, which MS is the reference nanosatellite and SS is a distributed nanosatellite. The example I and II in different 
100m altitude can explicitly notice the difference in (a) of Figure 3:10 and 3:11. This absolute motion pattern is the sectional of 
Figure 3:6, which is difficult to find the minimum point of fuel consumption to keep the formation structure. Nevertheless, the out-
of-plane V is good, if MS and SS apart 180 in angular distance. Notice in (c) of Figure 3:10 and 3:11 that the in-plane essential V 
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Selected Orbit: Inclination = 35 
Example I: Reference ALT is 150km, SS altitude is as same as MS and far from MS by phase of 90  
  
(a) In-plane V 
 
(b) Out-of-plane V 
  
(c) In-plane essential V  (d) Out-of-plane essential V  














Esti ati g   y  
Estimating (V by GVE 
38 
Selected Orbit: Inclination = 35 
Example II: Reference ALT is 150km, SS is higher than MS 100m and far from MS by phase of 90  
  
(a) In-plane V 
 
(b) Out-of-plane V 
  
(c) In-plane essential V  (d) Out-of-plane essential V  
Figure 3:13 Inclination 35: example II   
The second practical of orbit selection is at the inclination of 35 which is a minimum point of Figure 3:8 (b) and the ab-
solute motion pattern is the sectional of Figure 3:8. The two nanosatellites in formation flying, MS and SS are different altitude of 
100m and 90 in angular distance of In-track direction, can see the slight difference of in-plane essential V in (c) of Figure 3:12 and 
3:13. In Figure 3:13 (c), the peak of in-plane essential V is less than Figure 3:11 (c) about 0.00675 m.s-1, while the peak of out-of-
plane V in Figure 3:13 (d) is bigger than Figure 3:11 (d) since the position between MS and SS in the formation is the peak of dif-
ference in the out-of-plane manoeuvre, notice in Figure 3:8 (d). This information is necessary for nanosatellite formation flying 
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Selected Orbit: Inclination = 55 
Example I: Reference ALT is 300km, SS altitude is as same as MS and far from MS by phase of 180  
  
(a) In-plane V 
 
(b) Out-of-plane V 
  
(c) In-plane essential V  (d) Out-of-plane essential V  
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Selected Orbit: Inclination = 55 
Example II: Reference ALT is 300km, SS is higher than MS 100m and far from MS by phase of 180  
  
(a) In-plane V 
 
(b) Out-of-plane V 
  
(c) In-plane essential V  (d) Out-of-plane essential V  
Figure 3:15 Inclination 55: example II 
The last practical of orbit selection shows the minimum fuel consumption with the inclination of 55 and designs the 
difference of MS and SS of 180 in angular distance. Notice that the in-palne and out-of-plane essential V is quite small. 
However, the natural conclusions of the absolute motion of nanosatellites can be summarized as follows: 
The Radial Displacement: With the difference of altitude, the problem with this formation flying is to keep both 
nanosatellites in a constant displacement. The constant propulsion is required that may be not practical, especially for a resource-
limited nanosatellite mission. With the same orbital size, hence orbital period, there is no secular drift in the In-track direction. 
Therefore, the fuel consumption is minimal. 
The In-Track Displacement: With a few hundred meters, the problem is to keep both nanosatellites in a constant dis-
placement with required propulsion and as shown later. Under J2 gravitational perturbation, the phase of two nanosatellites is 180 
apart in the angular distance, the nanosatellites will experience the same magnitude of perturbing acceleration as spherically sym-
metric. The difference in provoking velocity between them is very small. Therefore, the fuel consumption is minimal.    
The Cross Track Displacement: With a few hundred meters, the problem is to keep both nanosatellites in a constant 
displacement with required propulsion and as shown later. The previous results show that the polar orbit is minimal at the inclina-
tion of 90. This is fact in space because the Earth's oblateness with axis symmetry will not perturb the motion of the 
nanosatellites. 
This chapter has already provided information of orbit selection by using the information of absolute motion which is 
developed by GVE. Although in realistic, the nanosatellites in a formation flying are different in In-track direction with a few hun-
dred meters, this information can be used to consider the best orbit and formation structure with respect to the minimum fuel 
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consumption. In this section, the essential V results from the calculation as point by point of MS and SS which is not convenient to 
estimate the fuel consumption, therefore the relative motion of nanosatellite is needed to be considered. However, this study can 
consider on which orbit inclination is good for nanosatellite in a formation with respect to the minimum fuel consumption.  
After this study, we have known not only the best orbital inclination is 35 and symmetry at 145 with respect to the 
minimum fuel consumption but also known that altitude of 300km or higher is slightly affected by atmospheric drag (based on 50kg 
mass and 0.25m
2
 cross-sectional area). Chapter 4 will describe the relative motion of nanosatellite formation flying capturing only 
J2 gravitational perturbation by Schweighart-Sedwick [8] as well as the expression of the elimination of secular drift term in relative 
motion equations. Then, Chapter 5 will show a technique for estimating velocity requirement which the V required is representa-
tive for estimation of fuel consumption and it is our goal in this thesis.    
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(a) Relative motion in x and y directions 
 
(b) Relative motion in x and z directions 
 
 
(c) Relative motion in x, y and z directions  (d) Relative motion in y and z directions  
Figure 4:3 Circular reference and perturbing orbit in 1 orbit  
Figure 4:3 shows the comparison of the relative motion of HCW and Schweighart-Sedwick equations, which the simula-
tion is numerically simulated in 1 orbit of two identical nanosatellites in a formation flying as given earlier. The numerical simula-
tion result of the comparison between the relative motion equations with no force and with J2 perturbing force in 1 orbit shows the 
identical result. But the simulation timing is one orbital period merely. The circular orbit of the HCW equations with no force is a 
circular reference orbit. Meanwhile, the overlapping circular orbit is being perturbed by the second geopotential harmonic, J2 gravi-
tational perturbation effect, see Figure 4:4 as follows. 
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Figure 4:4 Error in displacement in 1 orbit  
Figure 4:4 shows the error of displacement between HCW and Schweighart-Sedwick in 1 orbit. Even in Figure 4:3 seems 
that the results of them are identical but have some small errors in displacement.    
4.3.2 Increasing Amplitudes of Displacement 
The next comparing result simulates the relative motions of them over 2 days. The initial conditions are set as same. 
The numerical simulation result of the comparison of them is shown in Figure 4:5. 
In Figure 4:5 or time-varying case, the circular orbits of HCW are the circular reference orbit as expected, since no per-
turbation included. Meanwhile, the circular orbits of Schweighart-Sedwick are drifting dramatically due to J2 effect. Notice that, the 
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(a) Relative motion in x and y directions 
 
(b) Relative motion in x and z directions 
 
 
(c) Relative motion in x, y and z directions  (d) Relative motion in y and z directions  
Figure 4:5 Circular reference and perturbing orbit in 2 days 
 This secular drift of Cross track motion is likely due primarily to the fact of the second geopotential harmonic, J2 effect 
when this relative motion is initialized. Thus, further study is how to correct the formation. The relative dynamics motion should be 
controlled or estimated for fuel consumption. Figure 4:6 shows the increasing amplitudes of displacement as follows: 
 
Figure 4:6 Error in displacement in 2 days  
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Figure 4:7 Error in displacement in 20 days  
 Therefore, we need to decrease the amplitude displacement by V required. Particularly, the integration of differential 
equations is quite long formulas and not ready to find the V requirement when we need to correct the SS displacement. There-
fore, the estimation technique will be presented and applied to find the V required in the next section. The next section is to show 
a technique for estimating velocity requirement in nanosatellite formation flying which will be used to reduce the amplitudes of 
displacement and can be used to estimate the fuel consumption in later.  
4.4 Accuracy Analysis 
The two techniques of estimating V by GVE and linear equations which are proposed in Chapter 3 and 4 respectively 
pose the question of how accurate are these results compared. The V by GVE performs in RSW frame while the V by linear equa-
tions performs in Hill frame. Therefore, the coordinate conversion from Hill RSW is required. 
The convenient way is to convert Hill to ECI, then convert ECI to RSW. The transformation between Cartesian and curvi-








Figure 4:8 Relative position of MS and SS [20]  
Fiƌst, ǁe haǀe to kŶoǁ the MS’s positioŶ aŶd ǀeloĐity iŶ ECI fƌaŵe aŶd the ƌelatiǀe ŵotion of SS both position and veloc-
ity iŶ Hill fƌaŵe. To deteƌŵiŶe the SS’s positioŶ aŶd ǀeloĐity ǀeĐtoƌs iŶ ECI, ǁe ŵust peƌfoƌŵ a seƌies of ƌotatioŶs staƌtiŶg through 
the aŶgles foƌŵed ďy the SS’s positioŶs. ReĐogŶize that foƌ y and z directions, the lineaƌized Hill’s fƌaŵe lies iŶ a Đuƌǀed fƌaŵe iŶ ECI 
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In Figure 4:10, the V of Radial and In-track directions of linear equations by Schweighart-Sedwick cannot be compared 
with the V by GVE because of out of limit.  
The GVE technique is convenient to add any perturbing acceleration forces into the GVE equations, which we can input 
either conservative or non-conservative forces such as atmospheric drag but the solution of the numerical integration is difficult to 
find because we have to know the derivatives of orbital elements before the integration.  
Thus, the analytical solution of the comparison of V by GVE and linear equations by Schweighart-Sedwick shows that 
the GVE technique is not convenient to use for estimation of fuel consumption but can be used to estimate the in-plane and out-of-
plane manoeuvres by those derivatives of orbital elements in Equation 3:2 and 3:5. The next chapter is to modify the linear equa-
tions for estimating V requirement. A technique for estimating velocity requirement in nanosatellite formation flying will be 
shown and used to reduce the amplitudes of displacement as shown in Figure 4:6 and 4:7.       
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           

                                    




     
     
–










   

    
–
 
                
                         
–
                  
   
      
  
                   
                  
    

       
           
  
   
 
  
     
 
            
            
   
 
              
  









     
   
–
   

      
   
   
 
           
           
   

           
 
 
   
           
          
   


















           
 
   

             
            


              
     
      
  
                       
                    




      
 
   
 
        
      
   
    
–










    
 




























                                                 











     






        
    
 
          
–
                  
    

                                          




      
 
  
      
–
                    

                      
–
 
    –

                     
   
      
  
                         
                     





       
            
  
   
 
  
     
 
              





              
  





= ϭ, ϯ, ϱ,… is suggested. Theƌefoƌe


    
   
–





        
       
 

            
 
  
    




           





    
  
     
 
    
 
      
 
       
  
        
–
    
                     

            
 
   

               
             


                
     
      
  
                            
                      




      
         
         
  






    











           plaŶe ŵaŶœuǀƌe ǁhiĐh     
ŵaŶœuǀƌes oƌ oƌďit adjustŵeŶt            

 












,… (iŶitial ĐoŶditioŶs: 
  





                                                 
                                                                       
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 Figure 5:6 Comparison of integration and estimation techniques of in-plane manoeuvre   
In Figure 5:6, start to correct at t0 = 521000s. The results of integration and estimation techniques HCW and SCH are 
slightly different, but the insensitive timing gives the minimized V required as expected. 
5.4 Out-of-plane Manoeuvring Correction 
Out-of-plaŶe ŵaŶœuǀƌe is to maintain the SS in the formation by correction of amplitudes of displacement in Cross 
track direction. This out-of-plaŶe ŵaŶœuǀƌe is also known as an orbital plane change as the plane of the orbit is tipped.  
5.4.1 Selection of Manoeuvring Time of Out-of-plane Manoeuvre 
For out-of-plane manoeuvring timing, we need to select an insensitive timing to get the minimized V required. The 
manoeuvring time can be selected by relative velocity of the linear equations in Equation 4:3 or 4:7 in Cross track direction as 
shown in Figure 5:7 below:  
 
Figure 5:7 Selection of manoeuvring timing by relative velocity in z direction   
 
       = selected manoeuvring 
time that we can get the 
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Figure 5:9 Comparison of integration and estimation techniques in Cross track modified  
In Figure 5:9, the results of the integration and estimation technique are identical as same, but the insensitive time, ntf 
= 2N gives the minimized V required by using the linear equations of HCW including the thrusting force as shown in Equation 
5:52 and 5:53, it does produce the minimum fuel consumed as expected.  
5.6 Summary of the Technique for Estimating Velocity Requirement 
The results of estimation and integration techniques of HCW and Schweighart-Sedwick are identical. But different in the 
insensitive timing and the formulas of the estimation technique are ready to use for calculation of V required. Moreover, this V 
required can be applied to estimate the amount of fuel needed, can see the summary of estimating velocity requirement in Table 
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Figure 6:3 Observe in 50 orbits: relative velocity  
6.1.2 Scenarios: Do Formation Flying for 10 orbits 
The initial conditions of this scenario are the final conditions of the previous scenario. To do formation flying for MS and 
SS is to use the equations of secular drift and offset elimination in Equation 4:8 control the initial speed of SS. Figure 6:4-6:6 show 
the relative motion, relative position and relative velocity of formation flying respectively. 
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Figure 6:7 Show In-track correction in 1km (initial): relative position (left), relative velocity (right)  
 





Figure 6:9 Show In-track correction in 1km: relative velocity  
Then, reduce the amplitudes of displacement in In-track to 1km, Equation 5:9 is required. The result is shown in Figure 
6:10. 
 
Figure 6:10 Show In-track correction in 1km: relative position (left), relative velocity (right) 
Radial = -5.73km 
In-track = 946.97m 
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Figure 6:13 Show Radial correction in 1km (initial stage): relative position (left), relative velocity (right) 
 




Figure 6:15 Show Radial correction in 1km (initial stage): relative velocity 
Then, correct the Radial displacement to 1km, Equation 5:21 is for the initial stage of impulsive velocity. When the tran-
sition finished, the final stage of impulsive velocity in Equation 5:23 is used to cancel the initial stage of impulsive velocity, see the 
relative motion in Figure 6:16. 
 
Figure 6:16 Show Radial correction in 1km: relative position (left), relative velocity (right) 
Radial = 908.69m 
In-track = 191km 
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Figure 6:19 Show in-plane manoeuvre in 2km radius (initial stage): relative position (left), relative velocity (right) 
 
Figure 6:20 Show in-plane manoeuvre in 2km radius: relative position (left), relative velocity (right) 
 
Radial = -1.95km 
In-track = 1.94km 
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Figure 6:27 Show modified Cross track in 2km: relative position (left), relative velocity (right) 
 
Figure 6:28 Show modified Cross track in 2km: relative position 




Figure 6:29 Show modified Cross track in 2km: relative velocity 
Figure 6:30 show the comparison of correction in normal Cross track and modified Cross track which is proved that the 
modified Cross track requires smaller impulsive velocity. 
 









6.2 Orbit Simulation of CanX-4 & CanX-5 
For practical, CanX-4 and CanX-5 nanosatellite mission which is a dual-nanosatellite formation flying demonstration 
mission of UTIAS/SFL (University of Toronto, Institute for Aerospace Studies/Space Flight Laboratory), Toronto, Canada will be used 
for practical of the estimating technique in previous section. CanX-4 and CanX-5 showed four individual formations during the 
mission at separation distances ranging from 50m to 1000m. They were launched in 2008 [4]. The two nanosatellites are simulated 
their orbits by STK from Jul21 00:00 - Jul22 00:00 2015, see in Figure 6:31.  
This practical will show the estimating velocity requirement for correction the amplitudes of displacement in each direc-
tion and varied distances. The initial conditions of CanX-4 (which is the reference orbit, MS) in this practical simulation are a = 
7026.136 km, e = 0.0022, i = 98.13,  = 279.9,  = 100.75 and  = 114.5, while CanX-5 is a SS in the formation with same eccen-
tricity and inclination by x(0) = 300m, y(0) = 150km and z(0) = 300m as shown in Figure 6:31 below. 
 
Figure 6:31 Simulation of CanX-4 and CanX-5 formation flying by STK (free install license)  
Table 6:1 summarizes the results of the estimation technique by linear equations capturing J2 effect comparing between 




Total V required in direction [m/s] 
x y in-plane z modified z 
1 0.0027 1.1477E-4 0.0028 0.0011 2.2866E-6 
5 0.0133 5.7387E-4 0.014 0.0053 1.1433E-5 
10 0.0266 0.0011 0.0281 0.0107 2.2866E-5 
20 0.0531 0.0023 0.0561 0.0214 4.5732E-5 
50 0.1328 0.0057 0.1403 0.0534 1.1433E-4 
100 0.2656 0.0114 0.2807 0.1069 2.2866E-4 
200 0.5311 0.0229 0.5613 0.2137 4.5732E-4 
500 1.3278 0.0644 1.4033 0.5344 0.0011 
1000 2.6557 0.1148 2.8066 1.0689 0.0022 
 Table 6:1 Results of V required 
As mentioned, the magnitude of V requirement is peak in Cross track direction, meanwhile the magnitudes of V re-
quirement of Radial and In-track directions are smaller, but the modification of correction in Cross track which is to use the thrust-
ing force produces the minimum V required. In realistic orbit manoeuvres, the corrective displacement in Cross track affects the 
orbital inclination or inclination changes.   
The set of linearized differential equations of relative dynamics motion that captures the effect of J2 gravitational per-
turbation is proposed which includes explicitly the initial conditions. In this thesis, the way of estimation of fuel consumption is 
shown by the V requirement that focuses on the corrective displacement in each direction. The analytical simulation results of 
Part: data  Part: CanX-4  Part: CanX-5  
Practicals 
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integration and estimation techniques are identical but the estimation technique is more convenient because the formulas are 
ready to use to calculate the V required by corrective displacement and not so long equations (especially in the correction of In-
track and Cross track or modified Cross track) as well as it can be used to estimate the amount of fuel needed in later. In Figure 5:2 
and 5:4, the estimated V required are nearly zero, which need a little fuel. Meanwhile in Figure 5:8, the estimated V is at the 
peak, which needs a lot of fuels, but can be replaced by a technique of modification of correction in Cross track direction. The Table 
5:1 shows the summary of the estimation technique formulas in both linear HCW and Schweighart-Sedwick equations. Table 5:2 
shows the summaries of V required which Cross track corrective displacement requires more V than Radial and In-track, but the 
modified correction in Cross track shows smaller requirement. This thesis has already provided a convenient way to estimate the 
requirement of V as well as can be applied to find the fuel needed as the estimation of fuel consumption in the future works. 
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Chapter 7 Conclusion 
In this thesis, the effect of J2 perturbation on nanosatellite formation flying was examined. For this studies, the linear-
ized differential equations of Schweighart-Sedwick were expanded, which included the effect due to J2 perturbation. The atmos-
pheric drag effect was then analyzed as well as the J2 effect in the estimating V by GVE which was able to put any perturbing 
acceleration forces e.g. conservative or non-conservative forces into the GVE equations. In addition, this GVE technique was used 
to the selection of the best orbital inclination for nanosatellite formation flying with respect to the minimum fuel consumption. 
These ideas were extended to include orbits of small eccentricity. Then, the estimating V by linear equations of Schweighart-
Sedwick was described. The linear equations capturing only J2 effect which the atmospheric drag was skipped. The estimating V by 
GVE and linear equations of Schweighart-Sedwick resulted in identical, which was proved that they could be used to predict the 
estimation of impulsive velocity requirement properly, but the GVE technique was inconvenient to estimate the impulsive velocity 
because they required the derivative of orbital elements and needed to be solved by the numerical integration. The end of results 
was to develop a technique for estimating velocity requirement which was solved by the set of linearized differential equations of 
relative dynamics motion which included the J2 effect as presented in Chapter 5.  
7.1 Summaries of the Thesis 
In the first chapter, three literature reviews were presented concerning nanosatellite formation flying with emphasis on 
works which involved analysis on either using GVE as means of estimated fuel consumption for formation keeping, estimation of 
fuel consumption with no perturbation or analysis of relative dynamics motion of satellite formation flying which included the 
effect of J2 gravitational perturbation. 
Chapter 2 introduced to the coordinate frames used in the description of nanosatellite orbits as well as those used in 
relative motion analysis 
Chapter 3 informed the estimating V by GVE as well as showed the orbit selection which was focused in circular orbit 
under J2 perturbing acceleration and atmospheric drag effects. The GVE was applied to the in-plane and the out-of-plane manoeu-
vres for the absolute motion of nanosatellites. Then, the essential V was performed to determine the relative motion of MS and 
SS in RSW frame with respect to the minimum fuel consumption. The conclusions of this study were:   
o The estimating V by GVE can insert perturbing accelerations either conservative or non-conservative forces  
o Altitude higher than 300km (based on 50kg mass and 0.25m
2
 cross-sectional area), nanosatellite formation flying is 
almost not affected by atmospheric drag, low influence.   
o At altitude 300km or higher (based on 50kg mass and 0.25m
2
 cross-sectional area), the best orbit inclination with 
respect to the minimum fuel consumption is 35 and symmetry at 145 as presented (only J2 effect).  
o The fact of nanosatellite formation structure with respect to the minimum fuel consumption in x direction is x(0) = 
0 as in along track or parallel flying (y-z plane).  
o In y and z directions, the best placement is 90 and 180 in angular distance respectively, because of the symmetry 
of J2 perturbing acceleration and undisturbed at Polar.  
o The essential V by GVE can compute the relative velocity of two nanosatellites in a formation, which we can de-
sign the formation with respect to the minimum fuel consumption. 
Although, the mission of nanosatellite formation flying is often designed with a small radius of formation structure, this 
information is useful for analysis the absolute motion of nanosatellite with low and high eccentricity. In addition, the solution of in-
plane and out-of-plane manoeuvres is useful for the formation control which is in our future works. 
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This study has not analyzed the problems of separation of nanosatellite formation flying. Therefore, the next chapter is 
to consider the relative motion of nanosatellite formation flying under J2 gravitational perturbation in Hill frame.        
Chapter 4, the two sets of the differential equations of relative dynamics equations, the first set included thrusting 
force and the second included the J2 perturbing force, were derived the linearized differential equation models as shown in Equa-
tion 4:2 and 4:3. And then, the elimination of secular drift terms of them was presented. Then, the numerical simulation was shown 
to depict the relative motions of them. The perturbed circular orbit of Schweighart-Shewick showed the amplitudes of corrective 
displacement, therefore the estimation of impulsive velocity for fuel consumption which was to keep the formation was required 
and presented in the next chapter. With zero thrust, the HCW equations could be used for a circular reference orbit. Thus, the 
perturbed circular orbits by J2 effect needed to estimate the impulsive velocity to reduce the amplitudes of corrective displacement 
in each direction. The comparison in Figure 4:3 showed the perturbed circular orbit and Figure 4:4, 4:6 and 4:7 showed the ampli-
tudes of corrective displacement when time varied. To reduce the amplitudes of corrective displacement, a technique for estimat-
ing V was required and presented in the next chapter. In addition, this chapter had shown the comparison of the estimating V by 
GVE and estimating V by using the linear equations capturing J2 effect which was described that we can use both to predict the 
relative velocity of two nanosatellites in a formation. But the GVE technique required the derivative of orbital elements and numer-
ical integration which was inconvenient for estimating V requirement, meanwhile the estimating V by using the linear equations 
was limited by the linear solution.  
Chapter 5, the two sets of linearized differential equations of relative dynamics motion that included thrusting forces 
and captured the effect of J2 gravitational perturbation which were proposed in Chapter 4 had been applied to use the two impuls-
es technique. In this thesis, the way of estimation of fuel consumption was shown by the V required focused on the corrective 
displacement in direction each. The analytical simulation results of the integration and estimation techniques were compared and 
resulted identically but the estimation technique was more convenient because the formulas were ready to use to calculate the V 
required by corrective displacement as shown in Table 5:1, as well as it could be used to estimate the amount of fuel needed in 
later. In Figure 5:2 and 5:4, the estimated V required were nearly zero, which needed a little fuel. Meanwhile in Figure 5:8, the 
estimated V was at the peak, which needed a lot of fuels. Table 5:2 showed the summaries of V required which Cross track cor-
rective displacement requires more V than Radial and In-track while the modification of correction in Cross track direction pro-
duced a little fuel needed.  
Chapter 6, the developed technique for estimating velocity requirement is shown as practicals. In the section of final 
approach, the correction of amplitudes of displacement in each direction is correct as planned. In the section of orbit simulation of 
CanX-4 & CanX-5, the amount of total V required in varied displacement is shown.   
This thesis has already provided a convenient way to estimate the requirement of velocity which is used to keep the 
formation flying as well as can be applied to find the fuel needed as the estimation of fuel consumption in the future works. 
7.2 Future Work 
Future work is to design an optimized control system for correction of nanosatellite formation flying. This work presents 
the relative dynamics motion and secular drift in Cross Track as well as the estimation of required fuel expenditure and simplified 
control by using out-of-plane manoeuvre including method of propulsion would be designed. An autonomous control system in-
cluding optimization will be presented in the future works. 
The discrepancies which arise in numerical simulation results should be examined further. An additional examination of 
the Cross track motion appears to be in order. Schweighart Samuel A. [19] employed a slightly different approach to correct the 
Cross track motion using spherical geometry. Perhaps these ideas can be extended to elliptical orbits and included in the formula-
tion. Also, perhaps a more accurate numerical model should be used as a baseline for comparison of longer time periods due to the 
limitations on the current one which are shown in the thesis. 
Later, a control law under J2 and atmospheric drag effects as the input control variable should be developed and vali-
dated via the MATLAB/SIMULINK numerical model. Further examination of motion in elliptical orbits should also be completed. 
More analysis and perhaps the development of methods including more perturbations (i.e. solar pressure radiation effect) which 
eliminate the secular drift inherent to those presented in this thesis which are based on circular reference orbits should also be 
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